In this paper, we consider the condition that there exists a variable x E B such that +I n A Q' 4~~1, p = char k.
This gives further partial results to (1) and (2) (This generalizes most of the results of [7, 9, lo] ). An important step in establishing the above results is to find criteria in terms of fibers over prime ideals of k which ensure that an afhne over-ring A of k is a polynomial ring in one variable over k.
This we do in some detail in Section 2 by exploiting the notion of S-inertness, where S is a multiplicative subset of k. (See Definition 2.1.2.)
The results, which are related to and generalize theorems from [4, 51 are of interest in their own right. Questions about when F E kr21 is a variable in k[al can be handled by the same technique. In this direction we obtain the following analog of the epimorphism theorem of Abhyankar k[Q
NOTATIONS AND PRELIMINARY RESULTS
We will use the following notation.
(1) If K is a ring, K* is the group of units of K.
(2) If K is a domain, qt K is the field of quotients of K.
(3) UFD and PID stand for unique factorization domain and principal ideal domain, respectively. Also factorial has the same meaning as UFD.
(4) Sym,(Q) is the symmetric algebra of a K-module Q.
(5) A statement "A = Km]" means that K is in an obvious way a subring of A and A is K-isomorphic to a polynomial ring in n-variables over K (denoted by Km]).
The following results are mostly well known. We collect them here for easy reference. Proof. Clear. SCkCKCA.
Here A is a domain, k, K are subrings, and S is a multiplicative set not containing 0. Remark. We will drop the reference to k whenever it is clear from the context.
MODIFICATION LEMMA.
Assume the setup in 2.1.1 and assume that K is S-inert in A. Let x1 ,..., x, , t E A such that PA E KM, i = l,..., r, where each p, is a product of elements in S which are prime elements in k. Then there exists a G K and b E S such that and
Proof. We call t' E A a modification of t if t' = (t -a)/b with a E K and b E S. Note that then K[t] C K[t']. Al so a modification oft' is clearly a modification of t and hence, by induction on r, we only need to prove the case T = 1.
Write p,x, = f(t) = C a$j, ajEK.
Sincep, is a product of prime elements of k it suffices to show that by replacing t by some modification we can get a relation similar to (1) with a smaller number of prime factors for p, .
Let p be a prime factor of p, . Since K is S-inert in A, the conditions of Definition 2.1.2 hold. By Definition 2.1.2(i), if aj E pA for allj, then aj E pK and hence p can be cancelled from both sides of (1). Otherwise, if "-" denotes images in AlpA, we get that 0 = c qfj is a nontrivial relation for t over K. By Definition 2.1.2(ii)(a), A/pA is a domain and from Definition 2.1.2(ii)(b) and (c) we get that i E qt(x) n A/pA = K. Hence for some a E K we get that t -a = pt' for some t' E A. Now p,x, = f(pt' + a) = C a$" with a; E K.
Clearly ai E pA for j > 0 and since p,x, E pA, we have a: E pA as well.
As we have seen above, this means that p can be cancelled from both sides of (2) and hence the result.
2.3.1. THEOREM. Assume the setup in Section 2.1.1. Assume that A is finitely generated over K. Moreover, assume that
(ii) S is generated by prime elements of k, and (iii) K is S-inert in A.
Proof. Find t E A such that S-lA = (S-lK) [t] . If x1 ,..., X, generate A over K, then by (2.2) we get a modification t' of t such that t' E A and xi E K[t']. 
Let L be a field. As is well
The following result (Theorem 2.4.2) gives a proof of this as well as a slight. generalization of [4, Theorem 4.4.1.
Let L be a field and A an L-algebra. A is said to be "geometrically factorial" over L if E or. A is a UFD for any algebraic extension field E 3 L. 
where each Ei is a local Artinian E-algebra. Hence E or. A/(p,) 3 E' 3 E and hence E' = E. This proves condition (ii)(b) of Definition 2. with (a, , . .., a,)k = k such that each pi is a product of prime elements in each kaj = (k localized at the multiplicative system generated bY aj).
Proof. Since k is a Krull domain, pip, "*p, is contained in only finitely many height one primes of k. It suffices to show that given any height one prime ideal P of k and given any maximal ideal M of k, there exists a E k\M such that Pk, is principal. Now Pk, is principal since k, is factorial by hypothesis and there exists b E k such that PK, = bkiM . The divisor of b is of the form P + C Qi , where each Qi is a prime divisor (height one prime) such that Qzi @M. Hence there exists a E I-J Qi\M. Then the divisor of 6 on k, is Pk, so that Pk, is principal (generated by b). Then A is K-isomorphic to Sym,(Q) where Q is a J;nitely generated rank 1 projective K-module such that Q is locally free on k.
Proof. Write S-lA = (S-rK) [t] with t E A. Let x1 ,..., x, be generators for A over k. Then there exist pi E S such that p,xi E K[t] for 1 < i < r. Let a, ,..., a, be as in Lemma 2.5.1. Clearly Kaj is S-inert in A,> , i = I,..., s. By Theorem 2.3.1, there exist tj E AGj such that A, = K, .
[tJ, j = l,..., s. Now 6% >..-, u,)K = K and A = Sym,(Q) as staied. This is well known-see [4, Lemma 3.11 or [3, footnote] . Since Aaj = Sym,o,(Q @ Kaj) = Kaj , we get that Q OK K, is free. Since a, ,..., a, E k, Q is locally free on k. , 2.5.3. COROLLARY. With the assumptions us in Theorem 2.5.2, zf we further assume that K = kLml for some m, then A is K-isomorphic to Sym,(Q') ol, K, where Q' is a rank one finitely generated projective module over k.
Proof.
The projective module Q in Theorem 2.5.2 is locally free on k, hence locally extended from k and hence is extended from k by [6, Theorem 11, i.e., Q = Q' Ok K for some finitely generated projective k-module Q' of rank one.
Hence A -WdQ) -(Symk Q') Ok K. (however we only need conditions for fibers over height one primes), whereas conditions 2.1.2(i) and (ii)(c) in essence replace the assumption of faithful flatness for A over k made in [5] . Certainly Theorem 2.1.3(i) and (ii)(c) are easy consequences of faithful flatness and are more convenient to check in our applications. Keeping track of the two subrings k C K and inverting only elements of k has technical advantages in treating "embedded plane" type problems ((Th eorem 2.6.2, for instance), and the corresponding stronger result does not need any more complicated proof. From (1) we get that condition (ii) of Theorem 2.5.2 holds for
We proceed to check the remaining conditions of Theorem 2.5.2. Let P be a prime ideal of k. Let 'I-" denote images modulo PA and put 1 = qt(k/P). Then (4)) and hence qt z = Z(F) is algebraically closed in qt 2.
We have now established that K is S-inert in A. By Theorem 2.5.2 and Corollary 2.5.3 we get
where Q is a finitely generated projective K-module.
However Symk(Q) m AIFA m Ml] is free and hence A = k[F, Gj for some GEA.
APPLICATIONS TO THE CANCELLATION AND EMBEDDED PLANE PROBLEM
3.1. THEOREM. Let A be an afine domain over a jield of characteristic p.
If A is geometrically factorial, then
for some u E A, 
We apply Lemma 1.3 again by checking conditions as follows:
Any element of A aLrUl L(u) which is algebraic over L(u) belongs to L(x) and By induction on n we will prove that bi E bk for all i and hence b can be cancelled from both sides, which shows a E k[h]. Then A = k[h] is obvious. Now assume the result for all values of n < m and put n = m. Comparing the constant terms with respect to y on both sides of (2) and using that h(0) = 0, we get that Thus b, = ba, for some a,, E k.
Since b E k and h $ k is irreducible in A we get that a -a, = ha, , a,EA.
Moreover, a,b = b, + . . . + b&n-l and hence by the induction hypothesis bi E bk for i > 1. From (3) b, E bk and hence the result.
Remark.
In the above theorem, we do not resort to using the old theorem (Theorem 2.3) since it becomes difficult to check the inertness condi-tions, in particular Definition 2.1.2(ii)(b). However, just the fact that A is contained in a polynomial ring k[y] over k helps out in producing, in fact, a simpler proof.
Unfortunately we do not know how to generalize the above situation to K CA C R[y] m R[rl, where R is, say, integral over K and UFD; this, if done, would be a full generalization of Lemma 3.1. Proof. We only need to show that A C k[y] M kc11 for some y and then apply Section 3.2.
We proceed by induction on m, the result being trivial for m < 1. and from Corollary 1.2.2, (3), and (4) we deduce that . Hence F 3 -b modulo (a') for any irreducible factor a' of a, that is, a' divides a, ,..., a,, and not a, .
Conversely, if u divides a, ,..., a,, , then no factor of a divides a, since F is irreducible and %T+ . . . +?Tn= -2EBnqtA,--$A.
